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Abstract: The results of independent experiments used for testing of certain
method or certain phenomenon are often represented by samples (rq, s1), ...,
(Tn, 8n), where r;,8; > 0;Vi = 1,...,n;> -, r; > 0. The main goal of our
contribution is to analyse the random variable X = %. The analysis is

concerned with tolerance bounds of statistic X,, = 13711—7“1‘% and intro-
duces its asymptotic model as well. Furthermore, two particular cases of n
are examined. In the first case, n is assumed to be non-random but change-
able (e.g. comparison of automatic speech recognition methods). In the other
case, n is assumed to be fixed (e.g. calculation of state unemployment rate

from all district unemployment rates).

Abstrakt: Piedlozend price se zabyvéd studiem toleran¢nich mezi statis-

tiky X,, = Fﬁ%, kde (r1,$1), .., (Tn,Sn) jsou pozorovéni, které
popisuji vysledky nezavislych experimentu testujicich néjakou metodu nebo
jev, i, 8 > 03Vi = 1,...,n; Yo r; > 0. O statistice se predpokldds,
7ze mérend velicina, kterou predstavuje, méa tvar X = %. V praci je
prezentovan asymptoticky model této statistiky. Jsou analyzovany dva dilci
piipady. V prvnim je n nendhodné ale proménné (napi. testy dspésnosti
metod pro rozpoznavani mluvenych slov). V druhém piipadé je n pevné
dané a neménné (mira nezaméstnanosti stdtu poc¢itand z nezaméstnanosti

v8ech okresu).

1 Motivation and Model

The observations of the results of independent experiments measuring phe-
nomenon or testing a method are often represented as (r1,$1), ..., (Tn, $n),
where r;,s; > 0;Vi =1,...,n; Z?:l r; > 0. The expected value, the variance
and the covariance of each variable are known. Vi = 1,...,n, E{r;} = e;,
E{s;} = eis, 0%(r;) = 02., 0%(s;) = ok and Vi = 1,...,m;5 = 1,...,m;

E{(si — €is)(r; — ejr)}. The quality of the tested method or the rate of



2 Jméno autora

certain phenomenon is usually measured by the following criterion
n
>
i=1
n n :
Z T + Z S;

i=1 i=1

This criterion is used in many tasks. One example of such application,
which is demonstrated in our contribution, is the testing of automatic speech
recognition methods, where:

r; represents the number of recognised words in i-th sentence of the
length N;,

s; represents the number of incorrectly recognised words in i-th sentence
of the length N;,

N, represents the length of the sentence in number of words,
n represents the number of sentences on which the method is tested.

The number n is changeable, i.e. can be different for different tests. Another
example of application is the measurement of the unemployment rate of the
whole country, which uses the numbers of the unemployed in all particular
districts for its evaluation. In this case,

r; represents the number of the registered unemployed in i-th district,
s; represents the number of the employed in i-th district,

n represents the number of districts which is fixed, i.e. it is the same
for all the tests performed.

2 Probability description

The criterion

i=1

-
Il

is the random variable, which is computed from the results of the experiments.
The criterion could be transformed to
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P

s

Let us assume the distribution function of the variable Y,, = & —, Fy, () is
T
i=1

known. Then the distribution function
Fx,(z) = P{X, <} = P{ k- <o}
could be expressed as follows

Fx,(z)=1-Fy,(z) (1 -1) o 0<a<1; Fx,(z) =0z <0;
Fx, (r)=1ez>11

Distribution function of variable Y,, for z > 0
n
> Si

Fy (vr)=P{Y,<z}=P iil <z P{Zsix2m<0}(/l)
Sy i=1 i=1
i=1

n
Further on, the following notation will be used e, = % > e and
i=1

n n n
es = % Z:l eis. The random variable 2:1 S;i—1x 231 r; has the expected value of
i= = =

E{Z S; — X 27@} = n(es — xe,).
i=1 i=1

The variance of this variable has the following form

n n
o2 {Z Si—x Yy, Ti} =n [JE + 2202 — ZQ:psmosar],
i=1 i=1

where o = % Z E {(rl — 67«)2}7
i=1
o7 = 2 E{(si—es)?},
i=1
Psr0s0r = % > E{(si —es)(ri —en)}
i=1

and x is a fixed known value for which the distribution function is computed.
We can continue with the derivation of the distribution function Fy, (z):

n

(A)P{Zsixé: T <0} =

i=1 1

n n
zP{Z si—x Y. ri—nles —xe,) < —nfes — xer)} =
i=1 i=1
o osi—T ri—n(es—ze,)
—_pl = i=1 < —n(es—zer) = (B)

\/n(o§+x203—2$ps,rosow) \/n(0'§+z2a,,2,—2zpsmasm,)

1 Any possible discontinuities of Y are not discussed in our contribution. The eventual
occurrence of the discontinuity could be neglected in the supposed applications.
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P P
S;i—x ri—n(es—ze,)
i=1 i=1

The left side of the inequality v is a centralized and

n(o2+w202—2xps ros0;)
standardized random variable whose distribution function for increasing n
converges to the distribution function of the standard normal distribution

O(x) = + dz.

T
1 _
V2T f €
—00

(The proofs with different variants of additional assumptions are described
ine.g. [1] p. 374-382. ) Therefore, for a large enough n the following is valid:

— _ €s—Xer
(B) =2 ( \/ﬁ\/of—ﬁ—xzoﬁ—%cps,rosm\) ’

Summing up: asymptotically for > 0,

Fy (z)=P{Y, <2z} = (ﬁ I )

2 32
\/os + 2207 — 2204 050,

Distribution function of variable X,
The distribution function of the criterion X,, can be described as follows:

\/ﬁ' (65 - (% - 1)er)

Fy,(v)=1-9 | - s0<z<l.
V(02 + (2 = 1)202 =22 —1)p, 050,

Such expression is quite complicated, nevertheless easy to evaluate.

3 Point estimate of the measure of location

The most representative measure of location for such type of distribution is
the median, which is the solution of the equation Fx, (Tmed) = % Thus

Tmed ertes’

4 Tolerance interval
The goal of this part is to find bounds x;, < xy such that
P($L§X7LS$U):1—01,

where « is the confidence level. In other words, we want to find the per-
centile range that represents a specified proportion of the population. The
relation P(x;, < X, < zy) = 1 — a does not uniquely determine the bounds.
Therefore, o, as such that
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a=a;+ay; 0<aal,a2<1

are chosen to satisfy P(zy < X,) = a1 & P(X, < zpy) = 1 — oy and
P(X,, < z1) = ag. The particular bound determination is realized by solving
the equations for the distribution function Fx (zy) =1—aq, Fx, (x1) = as.

Determination of the lower bound xj,
xy, is the solution of the equation

€s— ‘771 €r
1-® | —y/ns Lk = (g, thus
o2+ ﬁ—l c2—-2 ﬁ—l Ps,rOs0y

es— ] er
o (1-ap) = | —yns -

2 1 _ 2_ 1 _
o2+ oL 1 o02-2 T 1 ps,rosor

If the notation z = i — 1 is used, the equation has the form of:

21— ) = (ﬁ ——— ) =

02—22ps,r050
D1 — an) /02 + 2202 — 22p; , 050, = —\/n(es — ze;)

The next equation modification is squaring. By this step, the solution is
represented by one of the roots of the equation

[@71(1 - 042)]2 (024 2202 — 22p, y050,) =n (s — zeT)Q7

which will be identified by backward testing of the validity of these roots on
the equation before the squaring. Finally, this letter notation was used to
express the equation in a more transparent form:

A2 +2:B+C =0,

where A = (ac? —€?),
B = (eser — ps ra0,05),
C=ao f e2 and
a= [e- 1(1 az)]”
Two roots 21,2 = =BV AC W are evaluated by solving this quadratic equa-

tion. As mentioned before, the identification of the valid solution is arranged
by checking whether the particular root satisfies the following equation

i
%ﬂaz)\/og + 2202 — 22ps 050, + (€5 — ze,) = 0.

Only one root is valid. Let us denote the solution z*. Using the transforma-

tion zx = i — 1, the solution xy, = ﬁ is obtained.

Determination of the upper bound zy
The determination of the xy results from solving the equation



6 Jméno autora

es— ﬁfl e,

o | —/ns

aq.

o2+ -1 202—2 L1 os0

s zy r T Ps,r0s0r
The calculation is almost identical to the previous calculation of xzy. The
only differences are

[ ()]

n

a =

and that the equation for testing the validity of the roots is

> (ay)
T

5 Acceptability of asymptotic representation

\/03 + 2202 — 22p5 r050, + (es — ze,) = 0.

The formula of the asymptotic version of the distribution function Fx, (x)
does not necessarily need to have the characteristics of the distribution func-
tion, and it usually has not. Furthermore, X,, is the random variable defined
on the interval (0,1). The formula of Fx, (x) exceeds this interval by not
having the functional value equal to zero or one in the boundary elements of
the interval. These circumstances could be used for testing the acceptability
of such asymptotic representation. For these purposes, following assumptions
are made:

1. The function Fx, (x) should be a non-decreasing function in the interval
(0,1).

2. The value of Fx, () for x in the ”zero value” should be non-negative
and smaller than a known small positive number 3y. The value of
Fx, (x) for x in the point # = 1 should not exceed one and should be
greater than 1 — 81, where 3 is positive and sufficiently small.

The first assumption

The first assumption is fulfilled if L Fx (z) = fx, (z) is non-negative in the
interval (0,1). The artificial variable z = 2 — 1 is used again for the sake of
transparency of the expressions mentioned below.

3
242202—-22ps r050, x

Fxn(z>1‘1’(ﬁ¢ T )50<Z<+°° and £ = — 2.
Then
fx. (@) = £ Fx, (2) = £ Fx, (2) & =
d es—zey, dz
dz l:l -2 (_\/ﬁ\/o'§+z20§2zps7rascrr):| da*

Taking into account the negative sign of g—i, the sign of fx, () is decisive.
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d 1 P es—zer _
a _ —/n =
dz |: ( \/>\/0'§+2202—2zp5,r0507«):|

2

7\/7»7190 <\/ﬁ\/02+zzeszzer ) <er(as—zpsyrosar)-‘reé(zaf—ps:fasa,,,)>

02—22ps r0s0r (02+42202—22p, y050,)2

The condition fx, (z) > 0 is fulfilled for such z = L — 1, where

er (03 — zps’rasor) + eg (203 — pMJSUT) > 0.
The first step of the test is to find the intercept point of the monotonic
function, i.e. the solution of the equation

er (03 — zps,roso,«) + eg (zo,% — ps’rosor) =0.

Thus

Ogs Ps,r€s0r—€r0s

Z = .
Or €s0r—Ps,r€r0s

The other step is to check if the intercept point x is out of the interval (0, 1).

This is assured by £:0%9r—%% < () bhecause & = ——. The next step is the

€s0r—Ps,rer0s 1+z"
verification of the inequality in the median point.

_ er -
Tmed = @r'i‘:@s = Zmed = ia

hence

2
2 2 €r0s—esor
€r (US - Zmedps,rasar) + es (Zmedgr - ps,ro—sar) > (eroaeaor)” > 0.

€r

Ps,r€s0r—€r

For this reason, the condition 7= < () represents the necessary and
€sO0pr—pPs,r€r0s

sufficient condition of fx (x) > 0; 0 < x < 1. If this condition is satisfied,
the asymptotic approximation will be considered correct. The correctness is
important for the ”small n”.

Note: The mentioned correctness condition is not dependent on the number of obser-

vations.

The second assumption
When the numbers 0 < (o, 01,8 = Bo + 81 < 1 are set, the asymptotic
approximation could be considered as (3-acceptable, if the inequalities

1>Fx,(1)>1—0; and 0 < lir%FXn(x) < Bo
Tr—

are fulfilled. It means that Fx (1) =1-—® (_\/ﬁ%)v SO

2

((I)_l(ﬁ]_)) .

The other lim, .o, Fx,(z) =1 —®(y/nZ), and so

1

1-@(—vnt) 21— g =n>?

XS



8 Jméno autora

‘%Qw

L= ®(yAt) < fo = n > 5 (@1 (1— )

Summing up: The asymptotic approximation could be considered as 8 = [Fy+
2 2
(1 acceptable if and only if n > max {Z—Q (! (61))2 (et (1 - 50))2}

’ e2
er

SN

Note: The condition of 3-acceptability is dependent on the observation number n.

6 Conclusion

The mentioned methods can be applied in the cases where the measurements
are in the form of a ratio criterion. The ratio criterion takes the values
from the interval (0;1) for the purposes of our contribution. The extension
of this interval by ”one” could be arranged just by a technical procedure.
Nevertheless, it is necessary to solve a few problems with the correctness and
acceptability of the asymptotic approximation. Further research can focus
on the stochastic comparison.
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